Abstract. We give a generalization of a result of R. Pandharipande to arbitrary characteristic: We prove that, if X is a convex, separably rationally connected, smooth complete intersection in P N over an algebraically closed field of arbitrary characteristic, then X is rational homogeneous.
Introduction
F. Campana and T. Peternell [3] conjectured that, if X is a smooth Fano variety (over C) with nef tangent bundle, then X is rational homogeneous. This was answered over C affirmatively by Campana and Peternell in the case of dim(X) 3 [3] and in the case of dim(X) = 4 with Picard number ρ X > 1 [4] , by N. Mok [10] and J. M. Hwang [8] for any 4-dimensional X, and by K. Watanabe in the case of dim(X) = 5 with ρ X > 1 [12] .
We say that a variety X is convex if every morphism µ : P 1 → X satisfies H 1 (P 1 , µ * T X ) = 0. R. Pandharipande [11] proved that, if X is a convex, rationally connected, smooth complete intersection in P N over C, then X is rational homogeneous. Since a smooth Fano variety is rationally connected (over C), and since nefness of the tangent bundle implies convexity, the result solved the conjecture for complete intersections. In this paper, we prove: Theorem 1.2. Let X be a convex, smooth complete intersection in P N over an algebraically closed field of arbitrary characteristic. Assume that: (i) there exists an immersion P 1 → X. Then X is of degree 2; in particular, X is rational homogeneous.
Note that a complete intersection X ⊂ P N satisfies the above condition (i) if one of the following conditions (ii-iv) holds: (ii) X is separably rationally connected; (iii) X is Fano; (iv) 2N − 2 − r The paper is organized as follows. In §2, we first study the parameter space H of complete intersections of type (d 1 , . . . , d r ) and the incidence variety I ⊂ G(1, P N ) × H parametrizing pairs (L, X) such that L ⊂ X; the techniques are based on [2] , [5] , [7] , [9, V. 4] . A rational curve µ : P 1 → X is said to be free if H 1 (P 1 , µ * T X ⊗ O P 1 (−1)) = 0. Next, we define the subset J ⊂ I parametrizing pairs (L, X) such that L is non-free in X, and we give a calculation method of the defining polynomials of J. In §3, assuming all d i > 1 and the product 1 i r d i > 2, we construct a pair (L, X) such that the space of non-free lines in X is smooth and of expected dimension at L. In these constructions, it is necessary to take care of the characteristic two case (see Remark 3.4 
the incidence variety whose general members parametrize pairs (L, X) such that L ⊂ X. We denote by
the first and second projections.
In addition,
We denote by (S : T :
the homogeneous coordinates on P N .
where
Remark 2.4. Let K be the ground field. The image of the linear map
is equal to the vector subspace spanned by N − 1 elements
Proof. We first consider the case of r = 1.
) and let X ⊂ P N be the hypersurface defined by h. Then the image of h under the above map gives a natural homomorphism [7, Rem. 3.9] ).
Since
Next, for any r 1, considering the linear map
instead of (4), we have the assertion in a similar way to the case of r = 1.
1)) = 0 and the following exact sequence: Definition 2.8. We denote by J the set of pairs (L, h) ∈ I such that the linear map
Assume that a complete intersection X ⊂ P N defined by h ∈ H is smooth along a line L. Then (L, h) ∈ J if and only if L is non-free in X, because of Remark 2.6. We denote by J h := pr 1 (pr
In the case of |d| N −2, the above theorem follows from:
Our goal is to construct an expected pair (L, h), satisfying the statement of Proposition 2.11. In the next subsection, as a preparation, we give defining polynomials of J h on an affine open subset of G(1, P N ).
Defining polynomials of the space of non-free lines. Let us fix (s : t)
as the homogeneous coordinates on P 1 , and (S : T :
if the line L ⊂ P N is equal to the image of the morphism
where E 2 is the unit matrix of size 2. We set
with some f
, which is equal to the set of lines lying in X. Then
Remark 2.12. For a point x, we denote by
where (h • ξ) a j := ∂(h • ξ)/∂a j and so on. In addition, it follows that
This is shown as follows: We write the morphism ξ by the coordinates (η 0 : η 1 : ξ 1 : · · · : ξ N −1 ), which are given as in the right hand side of (6) 
We denote by v(h Z j • ξ) the row vector of size d which represents h Z j • ξ with respect to the basis
where it follows from Remark 2.
of the polynomials given as the |d| × |d| minors of M(h).
We denote by e i = e i,1 e i,2 . . . e i,N −1 the row vector of size N − 1 such that e i,i = 1 and e i,j = 0 for i = j, and by 0 the zero vector of size N − 1.
Remark 2. 13. Let g 1 , . . . , g m be a minimal subset of the |d| × |d| minors of
Then J h is smooth at L if and only if the rank of the above matrix (10) is equal to |d| + r + m. We note that the rank can be calculated by using formulae (7), (8) Proof. We consider the morphism Φ :
is of codimension N − |d| in I, which implies the assertion.
3. Construction of expected pairs 3.1. Hypersurfaces. In this subsection, we assume r = 1 and give construction of pairs satisfying the statement of Proposition 2.11.
is not surjective if and only if
holds for some linear functional ψ :
A linear functional ψ is represented by the row vector
First we consider the case (d, N) = (4, 6). Let (S : T : Z 1 : · · · : Z 5 ) be the homogeneous coordinates on P 6 , and (s : t) be on P 1 .
Example 3.2. Let ψ : H 0 (P 1 , O(3)) → K be a general linear functional, where we assume that c 0 = 1 in the expression (11) . Let X ⊂ P 6 be a hypersurface defined by the following homogeneous polynomial of degree 4,
where we set
. Then (L, h) ∈ J, and J h is smooth and of dimension N − 3 = 3 at the point L ∈ G(1, P 6 ). The reason is as follows. 1, 2, 3 ). In particular, we find (L, h) ∈ J as in Remark 3.1. From (7), (8), since s · h Z j • ξ = c j s 4 − s 4−j t j , it follows that f 0,a j = c j , f j,a j = −1, and other f j ′ ,a j = 0. In addition, since
On the other hand, from (9), we have
where the right hand side is a transformation under elementary column operations, and where we consider blank entries in the matrix to be filled by 0. Here rk M(h) < 4 if and only if 4 × 4 minors g 1 = c 2 a 4 + c 3 b 4 and g 2 = c 2 a 5 + c 3 b 5 are equal to zero. Now we have
Hence the matrix (10) in Remark 2.13 is of rank 7, which implies that J h ∩G • 1 , the zero set of 7 polynomials f 0 , . . . , f 4 , g 1 , g 2 , is smooth and of codimension 7 in G 
, and wherẽ
and J h is smooth and of dimension N − 3 at the point L ∈ G(1, P N ). It can be shown in a similar way to the previous example.
We check the calculation of the dimension of J h and smoothness at L in the case where N − d is odd. From (7), (8), we have
. . .
.
−e 1 . . .
From (9), we have that the (N − 1)
, and
Here we have:
Since c 1 , . . . , c d−1 ∈ K are general, the matrix (10) in Remark 2.13 is of rank N + 1, which implies that
is the same as Example 3.2. On the other hand, from (7), (8), we have
Next, from (9), we have
where M ′ is a 5 × 5 matrix which is the same as the left hand side of (12). Thus, in a similar way to Example 3.2, we find that M(h 1 , h 2 ) is of rank < 7 if and only if the 7 × 7 minors g 1 , g 2 are zero. As a result, the matrix (10) in Remark 2.13 is of rank 11, which implies that
if N − |d| is even, or
if N − |d| is odd. Next we set h 2 , . . . , h r by
Let L = (Z 1 = . . . Z N −1 = 0). Then, in a similar way to Example 3.3 and Example 3.5, one can show that (L, (h 1 , . . . , h r )) ∈ J and that J (h 1 ,...,h r ) is smooth and of dimension N − r − 2 at the point L ∈ G(1, P N ).
Complete intersections of hyperquadrics.
We complete the case where r 2 and
2 )) = (7, 2, (2, 2)), we have: Example 3.7. Let X ⊂ P 7 be the complete intersection defined by the following homogeneous quadric polynomials:
is smooth and of dimension N − r − 2 = 3 at the point L ∈ G(1, P 7 ). The reason is as follows. It follows that
and that other [h
| L ]'s are zero. Thus the above elements does not span the 4-dimensional vector space
Next, we have
On the other hand, we have
where the right matrix is obtained by subtracting the third column from the second column. Hence rk(M(h 1 , h 2 )) < 4 if and only if 4 × 4 minors
Therefore, the matrix (10) in Remark 2.13 is of rank 8; then
1 is smooth and of codimension 9 in G
Example 3.8. Assume that r 2 and 2r N − 2. We set X ⊂ P N to be the complete intersection defined by the following homogeneous quadric polynomials h 1 , . . . , h r ; we set h 1 , h 2 by
and we set h 3 , . . . , h r by
. . , h r )) ∈ J, and J (h 1 ,...,h r ) is smooth and of dimension N − r − 2 at the point L ∈ G(1, P N ). This assertion follows in a similar way to Example 3.7. Proof of Lemma 3.9 . Assume that pr 2 (J) = H, and take a general h ∈ H such that h / ∈ pr 2 (J). Let X ⊂ P N be a complete intersection defined by h. We denote by F h ⊂ G(1, P N ) := pr 1 (pr
, which is the space of lines lying in X, and consider universal family Univ ⊂ F h ×X with projection u : Univ → X. Here u −1 (x) is identified with the space of lines lying in X passing through a point x. Since pr
Hence u isétale morphism. Since X is simply connected, u is isomorphic. This contradicts that the length of u −1 (x) is > 1 if X is general (see Remark 2.12).
Proof of Proposition 2.11. It follows from Examples 3.6 and 3.8. Assume |d| N − 2. From Proposition 2.11, there exists a pair (L, h) ∈ J such that pr
From Lemma 2.14 and the equality (1) in Remark 2.2, we have
which implies that the linear map d (L,h) (pr 2 | J ) is surjective. Hence the morphism pr 2 | J is smooth on an open neighborhood of (L, h) in J, and hence, is surjective.
Non-free rational curves
From Theorem 2.9, there exists a non-free line lying in a complete intersection X ⊂ P N in the case of 2N − 2 − r |d| and deg(X) > 2. On the other hand, for |d| > N, the following lemma is immediately obtained: Proof. Let µ * T X ≃ N −r i=1 O P 1 (a i ) be the splitting on P 1 with integers a 1 a 2 · · · a N −r . Taking the positive integer b with µ * (O X (1)) = O P 1 (b), since N −r T X = O X (N + 1 − |d|), we have 1 i N −r a i = b(N + 1 − |d|) 0. Since T P 1 → µ * T X is injective, we find that a 1 2. Therefore a i 0 < 0 for some i 0 . Then H 1 (P 1 , µ * T X ⊗ O P 1 (−1)) = 0. 2 (h) = ∅; this means that a non-free line in X exists. Assume 2N − 2 − r < |d|. We may also assume N − r 2. Then N < |d| holds. By the condition (i) in Theorem 1.2, an immersion exists and is non-free because of Lemma 4.1.
Let µ : P 1 → X be a non-free immersion. For the splitting µ * T X ≃ N −r i=1 O P 1 (a i ) with a i ∈ Z, it follows a i 0 −1 for some i 0 . Taking a double cover ι 2 : P 1 → P 1 , since the splitting of (ι 2 • µ) * T X contains O P 1 (2a i 0 ), we have H 1 (P 1 , (ι 2 • µ) * T X ) = 0, which contradicts that X is convex. Hence deg(X) 2 must hold.
